On the generating poset of Schubert cycles and 
the characterization of Gorenstein property 
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Abstract: The homogeneous coordinate ring of a Schubert variety (a Schubert 
cycle for short) is an algebra with straightening law generated by a distributive 
lattice. This paper gives a simple method to study the set of all the join-irreducible 
elements of this distributive lattice, and gives a simple proof of the criterion of the 
Gorenstein property of Schubert cycles. 
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1 Introduction 

In this note, all rings and algebras are assumed to be commutative with 
identity element. Let m and n be integers with 1 < m < n, B a ring and S 
a S-algebra. For an m x n matrix M with entries in S, we denote by G(M) 
the -B-subalgebra of S generated by all the maximal minors of M. 

From now on, we assume that B is a field. Let X be the m x n matrix 
of indeterminates. Then it is well known that G(X) is the homogeneous 
coordinate ring of the Grassmann variety G m , n of m- planes in n-space ( |HPj . 
|DEPj . jBVj). And it is also well-known that G(X) is a graded algebra 
with straightening law (graded ASL for short) over B generated by the poset 
r(AT), where 

F(X) := {[d, . . . , a m \ | 1 < ai < • • • < a m < n} 
(jDEPj, [Mj). The order of T(X) is defined by 

[ai,...,a m ] < [bi, . . . , b m ] <^> a, < b { for i = 1, . . . , m. 

And the element [ai, . . . , a m ] of T(X) is mapped to det(Xi aj ) G G(X). It is 
easily verified that T(X) is a distributive lattice. 

Now we fix an n-dimensional vector space V and a complete flag V = 
V n 2 Vn-i 2 ' ' ' 2 ^i 2 K) — of subspaces. For integers Oi, . . . , a m with 
1 < ai < • • • < a m < n, the Schubert subvariety fi(ai, . . . , a m ) of G m ^ n is 
defined by 

Q(a u • • • , a m ) := {W G G m , n | dim(W n V ai ) > i for z = 1, . . . , m}. 
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If we put bi = n + 1 — a m+ i_j for i — 1, . . . , m, 7 = [61, . . . , b m ] and 
T(X; 7) = {5 G r(X) I 5 > 7}, then the homogeneous coordinate ring of the 
Schubert variety (Schubert cycle for short) is 

G(X; 7) := G(X)/(T(X) \ T(X; 7 ))G(I). 

This ring is a graded ASL over B generated by T(X; 7) QDEP], |B Vj ) . 

Set 

/ •■■ U lbl ■■■ Z7 16a _i E/ 16a U ln \ 

v . = •■■ ••■ E/ 26a £/ 2n 

\ - • • • • • • f/ mfem • • • *7 mn ) 

where are independent indeterminates. Then by |BVI (7.16)], G(X;j) ~ 
G(U y ). So a Schubert cycle is a graded ASL generated by a distributive 
lattice and an integral domain. 
Now we recall the following fact. 

Fact 1.1 ([StaJ, [HibJ) Let A be a graded ASL domain over a field gener- 
ated by a distributive lattice D. Assume that deg(a) + deg(/3) = deg(a A (3) + 
deg(a V (3) for all a, (3 6 D. Then A is Gorenstein if and only if the set of 
all the join-irreducible elements of D is pure. 

Recall that an element x in a lattice L is said to be join-irreducible if there 
is unique y in L such that y <■ x, where y <■ x means that y < x and there 
is no element z G L such that y < z < x. 

So in this note, we shall study the set P of all the join- irreducible elements 
of r(Jf ; 7) and give a simple proof of the criterion of the Gorenstein property 
of Schubert cycles. 



2 Join-irreducible elements of T[X\^f) 

As in the previous section, let m and n be integers such that 1 < m < n 
and 7 = [bi, ... , b m ] G T(X). And let P be the set of all the join- irreducible 
elements of T(X; 7). 

Assume that [ci, . . . , c m ], [d 1 , . . . , d m ] G T(X). Then it is easy to verify 
that 

[ci, . . . , Cm] <■ [d u . . . , dm] 3z; di = Ci + 1, dj = Cj(j ^ i). 

So [ci, . . . , c m ] is a join-irreducible element of T(X; 7) if and only if there is 
a unique i such that 

Ci > bi, Ci > c^ + 1, (1) 
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where we set c := 0. For a join-irreducible element [ci, . . . , c m ] of T(X; 7), 
we take i satisfying (JTJ), and set 

p :— n — Ci — (m — i), q := i — 1. 

That is, p = #{t G {1, 2, . . . , n} \ t > and t G" {ci, c 2 , . . . , c m }} and 
g = #{t G {1, 2, . . . , n) \ t < Ci and t G {ci, C2, . . . , c m }}. We denote the 
map which send [c±, . . . , c m ] to ip, g) by ip. 

It is easy to construct a join-irreducible element [ci,...,c m ] such that 
</?([ci, . . . , Cm]) = (p,q), if (p,q) is in the image of ip. And it also easy 
to verify that if (p, q) is in the image of ip and < p' < p, < q' < 
q, then (p',q') is also in the image of (p. Moreover, if [ci,...,c m ] and 
[di, . . . , d m ] are join-irreducible elements of T(X; 7), and <p([ci, . . . , c m ]) = 
(p, g), . . . , dm]) = (p 1 , g'), then 

[ci, . . . , c m ] < [d%, . . . , d m ] P>p',q> q- 

In particular, P is isomorphic to a finite filter (i.e. a subset F of a poset such 
that x G F and y > x implies y e F) of N x N whose order is defined by 

(j>, q) < ip', q') P > p' and g > g'. 

And if <p([ci, . . . , c m ]) = ip, g), then the coheight of [ci, . . . , c m ] is p + q. 
Therefore, if we set 

{i I h + 1 < 6 f+1 , 6j < n} = . . . , l u }, h< ■■■ < l u , 

then the minimal elements of P are . . . , fr^-i, + 1, • • ■ & m ]> • • • , 
[61, . . . ,bi u „i,bi u + l,b lu+1 , ...,b m ] and their coheights are n-m-b h + 2l x — 2, 
. . . , n — m — b[ u + 2/ u — 2 respectively. 

Example 2.1 If n = 14, m = 7, [6i,...,6 TO ] = [2,4,5,9,10,12,13], then 
u — 4, Zi = 1, I2 — 3, ^3 = 5 and I3 — 7 and the minimal elements of P are 

71 = [3,4,5,9,10,12,13] 

72 = [2, 4, 6, 9, 10, 12, 13] 

73 = [2,4,5,9,11,12,13] 

74 = [2,4,5,9,10,12,14]. 

And the Hasse diagram of P is the following. 
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Note that this poset is the poset obtained by Stanley |Sta] 5.b]. 
Using Fact 11.11 we obtain a simple proof of the following criterion of 
Gorenstein property of Schubert cycles. 

Theorem 2.2 In the notation above, G(X;j) is Gorenstein if and only if 
b\ t — Hi is constant for % — 1, . . . , u. 
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